., ; o Formulas are derived for the equilibrium orbit, isochronous condition, vettical and horizontal betatron frequencies, and for the effects of the 3/3 radial resonance in a three-fold geometry. The magnetic field is represented by a Fourier series in azimuth with amplitudes expanded in a Taylor series about the reference radius. The form is such that the various parameters may be deduced from an arbitrary set of field measurements in the median plane and the results obtained by direct substitution in algebraic formulas.
INTRODUCTION
There exist in the literature numerous reports on the analytic description of particle motion in magnetic accelerators with azimuthally varying fields. However, there seems to be none in which the specific case of a medium-energy cyclotron is treated in enough detail to yield quantitative conclusions starting, say, from a set of magnetic-field measurements. In this report are developed explicit formulas for isochronism, betatron frequencies, and the 113 resonance in the radial motion.
The magnetic field in the median plane is represented by a Fourier decomposition in angle with amplitudes expressed as power series in radius. The results are carried only to terms quadratic in the azimuthal variation, but exact in the number of sectors except for the vertical betatron frequency, which is treated by the smooth approximation.
MEDIAN PLANE EQUATIONS OF MOTION
We start from the equations of motion in the median plane in which e appears as the independent variable:
.,
do:
a:e-:= 1 -rll(r, e) sec a .
\
Here a is the angle the orbit makes with the tangential direction, and Il(r, e) is the curvature of the orbit: is the radius at which the azimuthal average of f.!
is appropriate to the given particle momentum, i.e.,
I
Then f.!(r, e) is expressed as a mixed Fourier and power series: Although the derivatives of the average field should be small (~~2,~4) for a low-energy cyclotron, they will be carried as zero-order~uantities until the final steps. The expansion (6) is sufficient to include all contributions to frequencies~uadratic in the a.zimuthal variations and all contributions to the nonlinear 3/3 resonance driving terms which are linear in the azimuthal variations. 
The differential equations for the second approximations are:
1
The solution of (13) and (14) is straightforward but cumbersome to write. The only feature of significance to the present work is that x 2 (but not ( 2 ) has a nonzero average value in e :
We are now in a position to compute the length of the equilibrium orbit to second order. The path length is:
From Eqs. (12) and (15), we obtain fll) -2 + flit
The complete second-order solution is given in Appendix 1, To the extent that (17) is independent of small changes in the average magnetic field and can be regarded as a given function of r O ' the prescription for the variation of average field with radius for isochronism can be obtained as follows:
where rnO is the particle rest mass. For (J) independent of radius, Eq. (19) determines H(r o ):
or, approximately,
~7-
The coefficients in the expression of the avera.ge curvature in (6) may be obtained by differentia.ting (20) . Neglecting~for this purpose, we find:
where p is the momentum in units of mOc.
Since the frequency of vertical oscillation will always be small compared to unity, the smooth approximation should be adequate. 
It must be remembered that the brackets denote averages with respect to s; the full result is
where some small terms in 1J.,2, etc. have already been dropped.
4
By the use of I -~(a 2 a a'
, For notation and derivation, see L. C. Teng, Rev. Sci. Instr. 27, 1051 (1956 .
4 The result without simplifications is given in Appendix 2. and UCRL-8598 -9-a a"
and if we neglect [1' , [1" compared to unity, Eq. (27) becomes
where F 2 ::: l E (a 2 + b 2), the flutter factor. 00 A 2 tan 2 y 2 A 2 2 1 n n 
RADIAL BETATRON FREQUENCIES
The radial frequency will be close to unity, so that the phase advance of the oscillations per sector will be quite large in the cases of interest. Instead of the smooth approximation, we shall use a method designed to give the correction to the frequency from unity, exact in the number of sectors and quadratic in the field variations. The first step is to linearize Egp (7) and (8) 
These equations of motion follow from a Hamiltonian:
Here the equilibrium orbit has been replaced by the first-and secondorder approximations of Eqs. (11), (12) 
where a bar denotes, as before, an average in azimuth.
Ti1e problem, then, is to determine the additional effect of, the oscillatory first-order terms on the frequency. To this·· end we proceed by using a generating function to establish a change of variable which will remove the first-order terms 2 + 2 xiE' + X 2:."
Equation (48) does not depend explicitly on e, and so represents a more or less familiar simple harmonic oscillator. The square of the frequency is equal, in 2 2 the approximation considered, to the product of the coefficients of P2 and. We shall consider specifically the radial, nonlinear 3/3 resonance, which arises in and is commonly believed to be a major objection to a three-fold geometry.
In order to trea.t this problem it is necessary to adjoin to Eqs. (36) 
The first term on the right in Eqs. (55) and (56) 
where D is the square root of the sum of the squares of the bracketed coefficients and X the phase shifted argument of the trigonometric functions.
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